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Abstract 

The functional composition principle is generalized by taking into ac- 
count of history of context change. Analysis of Peres' example shows 
hysteresis of value assignments. It is shown that value assignments which 
depend on the history of context change are possible in the case that the 
Hilbert space of state vectors is finite dimensional. 

1 A generalized functional composition princi- 
ple depending on history of context change 

The Kochen-Specker theorem states that there is no value assignment for quantum- 
mechanical observables that satisfies the functional composition principle (FUNC) 
when the dimension of the Hilbert space of state vectors is greater than two [2 [2] . 
By analogy with Riemannian surfaces which settle contradictive concept of mul- 
tivalued functions by analytic continuation, we investigate a value assignment 
depending on a history of context change. 

The eigenvalues of an observable represented by a self-adjoint operator are 
values which are obtainable when one makes an observation. If there was hidden 
variables that specify the observed value, we can assign the value to the pair 
of the observable and the hidden variables. If we denote the hidden variables, 
the observable, and the eignevalue by u, O, and Oj, respectively, then a value 
assigning map v is defined as a mapping of the set of all observables into a set 
of random variables such that for the possible uj, 

v(d)(u) = 0i . (1) 
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The functional composition principle (FUNC) states that for observables A 
and B, if there exists a function / such that A = f(B), then a value assigning 
map v satisfies that 

v(A)( U )=f(v(B)(w)). (2) 

Physically, a context of a measurement of an observable O is determined by 
a setting of the measurement apparatus. Mathematically, a maximal Boolean 
sublattice of a lattice of observational propositions on a quantum system deter- 
mines a context of a measurement. An observational proposition of an yes-no 
experiment is represented by a projection operator. There is a one-to-one map- 
ping of the set of all unit vectors into the set of projection operators of rank 
1. By using this mapping, we can specify a maximal Boolean sublattice, i.e., a 
context, by a complete orthonormal system (CONS) of vectors. We define an 
equivalence relation on the set of all CONSs. We shall say that two CONSs 
(|ci!i), . . . , \a n }) and (|/3i), . . . , \0 n )) are equivalent if there exist a permutation 
p of the index set {1,2,..., n} and phase factors exp(\/^T#i)s (i = 1, 2, . . . , n) 
such that \(3j) = exp(\/^10 p ^)\a p ^j)) (j = 1,2, ... ,n). Thus a context is an 
equivalent class with respect to this equivalence relation and some CONS is a 
representative of a context. We denote a set of contexts by C. C is a subset 
of the quotient space with respect to the equivalence relation of the complex 
Sticfcl manifold of orthonormal n-frames . 

If a measurement apparatus that is not set in a context of a measurement of 
an observable O gave outcomes, then results would be invalid, i.e., the obtained 
values could be different from the eigenvalues. On the contrary, a measurement 
apparatus that is set in the context of a measurement of the observable O gives 
eigenvalues of O as outcomes. In this sense, the measurement apparatus gives 
stable results for O in the context. We say that an observable O is stable in 
a context a e C and denoting it by 0<a, if O is diagonalized in a CONS 
(|o!i), . . . , \a n )) that is a representative of a. 

When an observable O is not stable in a context a, there is no experimental 
restriction on values of O. Hence it is natural to consider that a value assigning 
map depends on contexts, and therefore the domain of a value assigning map is 
the set of observables that are stable in a given context. Thus the contextual 
version of FUNC becomes as follows. 

Contextual version of FUNC (cFUNC) If A = f(B) and B<a then, 

vjA) = /(%(£)), a.s. on fi. (3) 

Here, il is the set of hidden variables and a probability measure on f2 charac- 
terizing the ensemble of the hidden varibles is supposed to be. 

It is more general to consider that a value assigning map may depend on the 
contexts that the system experienced in the past. A history of context change 
is a finite sequence of contexts (a, (3, . . . , 7), where a, /?,..., 7 € C. We use a 
more intuitive notation about this such as a — > /3 — > • • • — > 7. 
Generalized version of FUNC (gFUNC) If A = f(B) and B<a then, 

v...^p^a{A) = f(v...->!3^cc{B)), a.s. on Q (4) 
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for V/3, • • • G C, where ■ ■ ■ — > represents the same history of context change in 
both sides of the equation. 



Proposition 1 Provided gFUNC, if observables A and B are stable in a context 
a, then 



v...^a{A + B) = v.. 
v...->a{A ■ B) = v.. 



t _{A) + v...^a(B), (5) 
t (A) ■ v — >a{B), a.s. on Q. (6) 



Proof . Since A, B<a, they can be diagonalised simultaneously. Then there 
exist an observable C and functions g and h such that A — g(C) and B — h(C). 

= v...^(g(C) + h(C)) 
= v...^((g + h)(C)) 

(g + h)(v...^(C)) 
g(v...^ a (C)) + h(v...^ a (C)) 



gFUNC 



gFUNC 



V.. 
V.. 



,(g(C)) + v...^Jh(C)) 
,(A) + v...^{B). 



gFUNC 



gFUNC 



V...^a(A ■ B) 

v...^(g(C) ■ h{C)) 
v...^((g ■ h)(C)) 

(g ■ h)(v...^(C)) 
g(v...^(C)) ■ h(v...^a(C)) 
v...^(g(C)) ■ v...^(h(C)) 

V...^(A) ■ V...^a(B). 



□ 



Remark. Difficulty of defining a value assigning map with the FUNC appears 
when the A is degenerated. Consider the following matrices: 
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Suppose functions / and g are give by 



respectively. Then 



if x < 3 
otherwise 



f(B) 
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if x < 2 
otherwise 
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= f(B) = A. 
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Although B and C are stable in different contexts respectively, A is stable in 
both of the contexts. Thus one has to assign a value to A so that the assigned 
value would be consistent with values assigned to B and C. 



Since cFUNC and gFUNC give no constraint among value assignments in 
different contexts, the space of hidden variables is broken up into independent 
probability spaces of different contexts. To synthesize them, we require the 
following condition. 

Non-transition condition (n-TRNS). For all contexts a, (3 £ C, if B<a 

and B<\(3, then 

v...^a(B)(w) = v...^a-*/}{B)(w), a.s. on Q, (9) 

where • • • — > represents the same history of context change in both sides of the 
equation. 

Remark. In the EPR-Bohm Gedankenexperiment, since the spin observablcs 
of particles in a pair commute, n-TRNS means that an assigned value of a com- 
ponent of the spin of one particle does not change, when we change the setting 
of the measuring apparatus for the spin of the other particle. But locality in 
this sense is weaker than the genuine locality, since it allows hysteresis of value 
assignments. 

In the rest of this section, we clarify what kinds of obscrvables are stable in 
two different contexts. 

Proposition 2 There exists a nonzero self-adjoint operator that is diagonalized 
in two different CONSs (\a\), . . . , \a n )) and . . . , \P n )) if and only if there 
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exist partitions . . . , I m } and { Ji, . . . , J m } of the index set X := {1, . . . , n} 
(m < n) such that 

span{|aj) : i e h} = span{|/3j) : j G J fe } , (10) 

/or fc = 1, . . . , m. 

Proof . (=>) Let O be a self-adjoint operator that is diagonalized in both CONSs 
(|ai), . . . , |a n )) and (\(3i), ■ . . , \/3 n ))- Suppose O has eigenvalues o\, . . . , o m that 
are distinct from each other (m < n). We define a partition {Ik} of the index 
set X by 

h:={ieX: 6\oi) = o k \oi)} . (11) 
Similarly, we define a partition { Jk} of X by 

J k :={jeX: 6|&)=o fe |/3 j )}. (12) 

Since span{|ai) : i e Ifc} and span{|/3i) : i € J/c} is the eigenspace of O with the 
eigenvalue Ofe, they coincide with each other. 

(<=) Let OfeS are increasing real numbers, i.e., o\ < o 2 < . . . < o m . We define 
a self- adjoint operator O by 

m 

fe=i ie/ fc 

this is diagonalized in (|ai), . . . , |a„». Since I] ie7fc = J2jeJ k 

O is diagonalized in . . . , |/9 n ))- D 

Remark. When m = 1, the self-adjoint operator is /, i.e., the identity oper- 
ator, m = n means that the two CONSs are representatives of the same context. 

Lemma 1 For two different CONSs (\a\), . . . , \a n )) and . . . , \/3 n )), there 

exists uniquely the finest partitions {ii, . . . , I m } and { J\, . . . , J m } of the index 
set X := {1, . . . ,n} of the CONSs respectively (m < n) such that 

span-tic^) :iel k } = span{|/3j) : j G J k } , (14) 

for k = 1, . . . , m. 

Proof . Consider partitions {/{,..., I' m ,} and { J[, . . . , J' m ,} of the index set X 
(m' < n) such that 

spanfl^) : i E I' k } = span{|/3 J -) : j e 4} , 

for k — 1, . . . , m! . If there exist another partitions {I", . . . , 1'^,,} and {•/{',..., J^//} 
of the index set X (m" < n) such that 

span{| ai ) : i e 4'} = span{|^-> : j G 4'} , 
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for k = 1 , . . . , to" , then put 

I{k,l) '■= h n hi 

J(k,i) '•= J'k n J", 

for k = 1, . . . ,m' , 1 = 1,..., to" . Since 

span||ai): i G -f(fe,i)| = span {| a,-) : i G /(,} n span {|q;,-) : i £ I"} 

and 

span : j € J (/M )} = s P a n{|/?j) : 3 € 4} n span{|^) : i € J"} , 
we obtain 

spanjla,): i G I(k,l)\ = spanjj^) : jeJ (/M) }. (15) 

Thus {/(fe^)} and are finer partitions of X satisfying the condition ()15p 

than {I' k } and {J[} or coincide with {I' k } and {J/}. Since the index set X is 
finite, above procedure ends with finite times and we obtain the finest partitions 
{Jj} and {Ji} satisfying the condition (TH| . The uniqueness follows from the 
maximality of the {Ij} and the { Ji}. D 



Corollary 1 For two different contextsa = (|ai), . . . , \a n )) and [3 = (|/3i), . . . , \Pn)), 
an observable O is stable in a and (3 if and only if O can be written as 

m 

= J2°k p k, (16) 
fe=i 

where Ok is an eigenvalue of O and is given as P% '■= Yl^r \ a i){ a i\ — 
J2je,j k by using the finest partitions {1%, . . . , I m } and the { J%, . . . , J rn } 

of the index set given by Lemma{^ 

Proof . It follows from the spectral decomposition of O, Proposition [2] and 
Lemma [T] □ 



2 Contextuality in the Peres' example of nonex- 
istence of noncontextual hidden variables 

Peres showed that it is impossible to assign a value to (o~ x ® o~ y ) ■ (a y ®o~ x ) non- 
contextually in the singlet state [2j ■ We denote the eigenvectors with eigenvalue 



G 



±1 of ax by \X ± ) (X = x,y,z). Here are the contexts that appear in the 
Peres' example: 

\x + )®\x + ), \x - ) <g \x - ), |a; + ) <8> |a;- ), |a: - ) <8> \x + ) )QL7) 

|y + >®|y + ), |i/-}®|y->, + \v - ) ® |y + ) ) (18) 



a 
2 



|Z + 

l 

V2 



55 |z - 

® lir 

® b - 



>, \x- 



\y- 

\x- 



\z- 

\x- 

\y 



<8\z-) 

®\v- 

®\x- 



\x- 

\y 



®|* + ) ),(19) 



7i vl 
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(|z + ) <g |z + ) + V^l\z - ) <g> |z - )), 
z + ) <g> |z + ) - \/^T|z - ) <g> \z - )), 
(|z + ) (g> |z - ) + V^Tl^ - ) <8> k + 
z + ) <g \z - ) - \/^T|z - ) <g |z + )) 



We can see the following: 

a > (Jjc ® Z, 7 (g 

/3 > CTy®I, I ® 

7 > er z <g 7, 7 <g 

£ > cr x (g 7, 7 (g 

e > cr y (g 7, 7 (g 

£ > er x (g cr y , OV 



fa 



) cr^ 

- <8> CT* 



We analyze the Peres' example by exploiting gFUNC and n-TRNS. In order 
to do this, we need one more condition. 

Perfect anti-correlation (a-CRL). For the contexts a of (I17p . (i of (I18| . 7 

of mnj), 



u...^ s (cr x ® 7)(w) 
v...^p(a v <g> 7)(w) 
u...^ 7 (<T z ® 7)(w) 



respectively, for all possible w € O. Here • • • 
context change in both sides of the equations 



u..._ >a (/(g) tr x )(o;), 
® cr y )(w), 
u..._ >I (/®<7 z )(o;), 

• • — > represents the same history of 



Remark. If we add a rule that we can replace an observable by its eigenvalue 
in the corresponding eigenstate, then a-CRL follows from gFUNC. 



Proposition 3 If gFUNC, n-TRNS, a-CRL hold and eigenvalues are assigned 
to the corresponding observables, then 



v^((a x (g o-y) ■ (a y (g erx)) = — 1, a.s. tt. 



(20) 
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Proof . 

\({(T X <g O-y) ■ (CTy <g a x )) 

= v^{a z ® g z ) 

n—TRNS i \ 

v g ^ 2 {{a z <g7) ■ (I®a z )) 

gFUNC , T . , T \ 

v^ 1 {a z ® I) v^ 2 (I ® cr z ) 
-(^> z ®/)) 2 = -l. (21) 
The last equality follows from that the eigenvalues of a z <g 7 are ±1. □ 

Proposition 4 If gFUNC, n-TRNS, a-CRL hold, then 

= t^^a^s ® ^) Vi^s^p(o-y <g> 7) V^^^CFy <g 7) ^^e^a(o-x ® 7"X2 2 ) 

a.s. on 0. 
Proof . 

V^((CT X ® (Jy ) • ((Ty ® O^)) 

gFUNC , . , , 

= W{ (0"z ® (T y ) ^((7,, (g (J a; ) 

n-TRNS , \ / \ 

= V^s{a x (g CTy ) 1>£(CT y ® da; ) 

= ^^((cTs <g 7) (7 ® CT y )) ^(o-y <g <7 X ) 

gFUNC , r , /r \ / \ 

= Vf^lCTa; ® 7) U$- > 5(J ® CT y ) l>£(<7 y ® (To;) 

TRNS v ^^J^j x ^ /) U|_>i(J (g> (7y) f£(o- y ® <7 X ) 

n-TRNS , T , /r \ / \ 

= V£_>a_>a (CTa; ® 7 ) V^s-^pi-l ® O-y ) V^CTy ® (T x J 

=^ L -Vt^l-^u(o-x (g /) V£-^S-^()(o-y ® ^) «C (CTj/ ® CTs). 

We can proceed along calculating. 

v^((a x (g o-y) ■ ioy (g a x )) 

TRNS - V ^s_^a(o- x ® I) V^5-^p(ay <g 7) ^^(CTj, <g G x ) 

gFUNC / T \ i t\ i t\ /t \ 

= -V^5-^a\0- x (g 1 ) V^l^p(0-y (g 7 ) V^e(0-y <g 7 ) V£->e (7 <g O x ) 

TRNS _ v ^^Jjj x J) ^^{^(o-j, (g 7) V^(a y (g 7) U^e^„(7 (g a x ) 
< =L RL V^S-^a{o- x ® 7) (CTj, ® 7) ^^(CTy ® 7) ^^-^(Oa; ® 7) 

T = JVS V^S-^a{0- X ® ^) V^S-^0(o-y ® 7) ►€—►/? (^y ® ^) ^-^at^s ® 7). 
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□ 



Proposition 5 If gFUNC, n-TRNS, a-CRL hold, then a value assignment has 
hysteresis. 

Proof . By Proposition [3j the r.h.s. of (|22|) is equal to — 1. Because every terms 
of the r.h.s. of assume only the values ±1, exactly one of v^s^a(o- x £g> I), 
v^s-^/sip-y ® I) j v^c-^pio'y ® I), ^^ 1 _ > q((T 2 ; ® T) must have opposite sign from 
the ones of the rests. We note that v^s^ai^x ® I) — v^^ai.o'x ® I) and 
v^s^p(o- y ®I) = u£ (p y ® I) do not follow from n-TRNAS, because a x ®I 
is not stable in the context e and a y ® I is not stable in the context S_. Therefore 
we obtain 

V^s-^a{^x®l) = V^e-^a{o- x ®I), V^S-^^{(Jy®I) ^ V^^^Uy®!) , (23) 

or 

V^l^aX?*®!) ^ V^e-^a{o- x ®I), V^5-^p{(7 y ®I) = V^^p[iJy®I). (24) 

This shows hysteresis of the value assignment to a x ® I or a y ® I. □ 

Remark. v^s^p(a y /) shows that the system experienced the context S_ in 
which o y ®I was not stable. v^^g_(a x ® I) shows that the system experienced 
the context e in which a x ® I was not stable. Only one of v^^^pipy ® I) and 
v^^a{crx <8 /), however, can assume values different from the values through 
a different values through a different history of context change. This is similar 
to the case of the Kocken-Specker paradox on spin-1 observables Q]. 

Proposition 6 If gFUNC, n-TRNS, a-CRL hold and eigenvalues are assigned 
to the corresponding observables, then there is no noncontextual value assigning 
map in the EPR-Bohm Gedankenexperiment. 

Proof . Suppose that the value assigning map is noncontextual. Then (|22[) 
becomes 

V£->5-^a(<rx <S> I) (<Ty <S> I) V^^pfpy ® I) V£->e->a(<r x ® -0 

= v(a x <g> /) v{(J y ® I) v(o- y ® /) v(a x (g) /) 
= v{a x ®I) 2 v(o- y ®I) 2 = +1. 

Thus this contradicts (|20|) ; there is no such value assigning map. □ 

Remark. This is nothing else but what Peres shows in ref. [3J. 
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3 Context changing maps 

We associate a mapping r a — >/3 of into f2 with a context change from a context 
a = (lax), . . . , \a n )) to a context /3 = (|/3i), . . . , |/3 n )). 

Let {/fc} and {</&} be the finest partitions of the index set {l,...,n} of 
Lemma [TJ Let q be a permutation of the index set such that i E Ik implies 
q(i) € Jk (k = 1, . . • , m). We define a unitary transformation U a —>/3 by 

fe=i ieh 

U a —,f3 changes the context a to (3. Symbolically, we write 

i = U^0 a. (26) 
Proposition 7 IfO<a,/3, then Ua->f3 O U a _^a = O. 

Proof . By Corollary [T] and the definition of U a ^0 , denoting eigenvalues of O 
by OfcS, we have 



tw o -EE ) ^ i E °' E m («*' i ^ 



fe iei k 

EE 0fe l^?w)^lEE \ a *')(Pq(*')\ 

fe iEik i i'SIi 

EE° fc i%))^«i 

fe ie/fe 

EE°*i&><&i 

fe ieJ fc 

6. 



□ 



We say that a value assigning map v , 2 admits a context changing map 

from a to /3, if for an arbitrary observable 0<a, there exists a one-to-one 
mapping Ta-^p of 12 onto 12 such that 

«..._> a -.£(0'o-.£ O Ul^){u) = v...^aiP){T^f l {w)), a.s. on fi. (27) 
We call such T a ^p a context changing map from a to p. 

Proposition 8 If a value assigning map v >a admits a context changing map 

and an observable O is stable in the contexts a and (3, then 

V...^a(6){Ta-^l3^ 1 (oj)) = l>..— a->,3 (6) M , d.S. Oil 0. (28) 
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Proof . By Proposition \7\ for all possible u> € ft, 

u...^(6)(tv^-V)) 
= w..._,. s ^£(d)(cj). 

□ 

Proposition 9 Suppose that a value assigning map v > Q admits a context 

changing map T a —>/3 from a to (3. Let f be a function such that A = f(B) for 
some observables A, B <\a. If A<[3 and 

u...-a(^) = / f«..~, s (B)) , a.s. on ft (29) 

holds, then 

A = fiU^pBU^), (30) 
u...->a->£(A) = / ^...^^(C/a^SJ/^^)^ , a.s. on ft. (31) 
Proof . Since A<a, f3, we have by Proposition [7] 



Ua^pBtfA = A Ul+ p = A. 



By (EH), 



^ «.._ 2 (i)(7v^-») 
# /(u..^(B)(r^ £ ->))) 

/(a..^(C/^5[/t_ 4£ )( tl ,) 



Proposition 10 For different contexts a = (\ct\), . . . , \a n )), (3 = ■ ■ ■ , \Pn))> 

7 = (l7l)i • ■ ■ > |7n)), de/me 

S„(/3 -» 7) := 0"<L 2 £^£- (32) 

T/ien Sg_(f3 — > 7) is a permutation of the CONS (|ai), . . . , |a n )) ; i.e., i/iere exists 
a permutation p of the index set {1, . . . , n} smc/i i/ia£ 

|ci!p(i)) =5a L (/3->7)|a,) ) i = l,...,n. (33) 
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Proof . By definition of U a —>/3, for each i there is j such that \[3j) = U a —,p\ai). 
Similarly, there exist k and I such that |7fc) = Up^ 7 \/3j) and = C^_^ 7 |7fc)- 
Hence Sa(P — > l)\on) = \ai), and therefore p(i) = I, It is clear that this p is a 
permutation of the index set. □ 



Proposition 11 For a history of context change a — > C, —t [3, there 
exists a permutation p of the index set {1, . . . , n} such that 

f/c— £ ' ' ' Ua->£\oti) = i = 1, . . . ,n. (34) 

Proof . In the history of context change a —>■£—>■ n — ► ■ ■ ■ — ► v — ► £ — ► /3, 
is mapped to 

U^pUv-^C ■ ■ ■ Ut^rjUa-^(]oti). 

Using the notation 5 a (£ - * ??) defined as (13"2")) . 

= U(-,pUv->£ ■ ■ ■ Ua-^Sa{§_ ~ > ^) 

= U(^pUa--^Sa(v. — * C) ' ' ' Sa(£ — > »?) 

= ^£Sa(C-»^)Sa(«-»C)--Sa(i->2). 

Thus we obtain 

U l^0 U C-^£ U ^i ■ ■ ■ U^rjU^t = 5 a (C -> ^)S„(t; -f C) • • • 5 a (^ - 2). (35) 

By successive applications of Proposition [10l there exist a permutation p of the 
index set such that 

S«(C -> P)Sa(v -> C) • • • -> 2)|ai) = |Op(i)) 

and it is clear that this p satisfies (IM)) . □ 



Corollary 2 For a history of context change a — > £ ^ • ■ ■ ^ £ — >/?, i/iere 
exists a permutation p of the index set {1, . . . , n} such that 

^•••t/^ £ |A) = K(i)>, i = l,...,n. (36) 

Proof . By Proposition !!!! there is a permutation q of the index set such that 

■ ■ ■ Ua-+i\oti) = Ua-^§\0i q {i)), i = l,...,n. (37) 

By definition of U a ^p, there is a permutation r of the index set such that 

Ua-^p\ctj) = |/3 r (j))- -^ sumces t° P u t p = q^ 1 o r _1 . □ 
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4 A mathematical realization in the case of a 
finite-dimensional Hilbert space 

It is necessary to show that there exists an example that realized the idea 
presented in the previous section at least mathematically. We shall show the 
following theorem. 

Theorem 1 Let TL be an n- dimensional complex Hilbert space (2 < n < oo). 
Let \ip) e TL be an arbitrary quantum state vector. Let C be a set of contexts 
in TL. Then for a sufficiently small positive real number e > 0, there are a 
symplectic manifold fl and a subset B(e) C Ct such that for an arbitrary history 
of context change a^>---^>[3 that begins with a fixed context a, there exist 

i) a one-to-one mapping >p of B(e) into f2, 

ii) a probability distribution Pj^l v » 071 ^ that is obtained under the map- 
ping Ta-^ >/3 from a probability distribution /j,(\ip),e) that is uniform on 

B{e) and vanishes outside of B(e); hence 



variable >p{0) assumes only eigenvalues of O almost surely on tt. 

Moreover, these value assigning maps satisfy gFUNC and n-TRNS. 

The proof consists of six steps. In the first, we construct a symplectic mani- 
fold Q from TL and define a volume element. In the second, we define a probabil- 
ity distribution fj,(\<p); e) on ft that represents an ensemble prepared before mea- 
surements. In the third, we introduce a mapping called a splitting which maps 
prepared ensemble to the one just before measurements, and define Pj^^.^p as 
the results of the splitting. In the fourth, we define value assignments and show 
that gFUNC is satisfied. In the fifth, we show that quantum-mechanical expec- 
tation values are reproduced. In the final step, we show that n-TRNS is satisfied. 



Let us fix a complete orthonormal system ( . . . , \a n ) ) of TL that specifies a 
context aeC. We define functions x l , y % (i — 1, 2, . . . , n) of TL into R as the real 
part and the imaginary part of the coefficient of \oti) in expansion of a vector of 
TL respectively, for i = 1, 2, . . . , n. Then for an arbitrary vector \ip) e TL, 



d f i(\<p);e) = dP c 




(38) 




Stepl. 



n 




(39) 



13 



Then (x 1 , . . . , x n , y 1 ,. . . , y n ) becomes a coordinate system of TL. 

Let us define £1 = R 2 ™. We denote this coordinate system by i a . Then we 
define L a as 



%--HeH- (xW?)), . . .,x n (\<p)), yW?)), y n (\<p)j) G fl. 



(40) 



Using this coordinate system, we define a symplectic structure on TL by a 
symplectic form a defined by 



a := V" dec' A 



(41) 



where A means the exterior product. For the sake of convenience, we use matrix 
notation: x := [x 1 , . . . , x n ] T , y := [y 1 , . . . ,y n ] T , where T means transpose. 
Then the symplectic form can be written as 



a = dn T A dy. 



(42) 



Lemma 2 Let U be a unitary transformation of an n- dimensional Hilbert space 
TL. Then U is a canonical transformation of TL with respect to the symplectic 
structure a defined by (JW. 



l -d{x l f + l -d{tff 



Proof . Put z l := x 1 + \Z—ly z (i = 1, . . . , n). For convenience, let us use matrix 
notation; z := [z 1 , . . . , z n ] T , where T represents transpose. Since 

z^dz 1 = (x l - yf-ltf) (dx i + V^dy 1 ) 

~d{x l y l ) + 2v^lx i dy l , 

By taking the exterior derivatives, we obtain 

d(ztdz) = 2V^Tdx T A dy, (43) 

where f represents complex conjugate transpose. 

We denote by U the n x n-matrix whose (i, j)-entry is (a.i\U\a.j), It is easy 
to see that for an arbitrary \<p) G TL 



z(C%» = [z\UW))\ = [( ai \U\<p)] 



^2{ai\U\aj){aj\<p) 



Uz(|^». (44) 



The pull-back of z^dz under U becomes 



U*{zUz) = (Uz) t d(Uz) 
= z^dz. 
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Thus z^dz is invariant under U. Since the symplectic form is equal to the exte- 
rior derivative of z^dz except a scalar multiple as we saw in (|43|) , U is a canonical 
transformation of TL. □ 



We define a volume element d n xd n y of TL by 

d n xd n y := dx l A ... A dx n A dy 1 A . . . A dy n = (-lW™- 1 )/ 2 ! A™ a. (45) 

rt! 

Corollary 3 Let U be a unitary transformation of an n- dimensional Hilbert 
space TL. U preserves the volume element d n xd n y. 

Proof . By Lemma [2] U preserves the symplectic form a. Hence the volume 
element d n xd n y which is an nth power of a with respect to exterior product is 
preserved under U. D 

Step2. 



We define an e-ball with a center \tp) £ TL by 

B 2n (\v);e):={\f)eTL: || |/> - \<p) || < e} . (46) 

Let us consider an ensemble of vectors that are distributed uniformly on B 2n ( | ip) ; e) . 
Define 5(e) := La {B 2n (\<p) ; e)) . By using this ensemble is characterized by a 
probability distribution fi(\tp);e) on Q. Using matrix notation of the coordinates 
(x, y) , we can write it as 

d M (b);e)((x, y)) := m 2 » ( L ;e)| X*(e)((x, y))d n xd n y, (47) 

where Xb(c) is the characteristic function of B(e) and \B 2n (\ip); e)| denotes the 
volume of -B 2n (|y>); e). 

We call an injection cl^' 6 of £? 2 ™(|</?) ; e) into TL a splitting in a context /3, if there 

exists a split {D\ : i = l,2,...,n} of B 2n {\ip); e), i.e., B 2n (\<p);e) = ^ =1 D\ and 
D\ n Dj = for i ^ j, and the volume of Df is proportional to |(/3j|<^)| 2 , and 

C^(DI) A B 2 "(|A);e|<Ak)| 1/n )| =0 (48) 

(i = 1,2, ... ,n). Here, X A Y represents the symmetric difference of subsets 
X and Y defined by X A F := {X - Y) U (Y - X). 



Lemma 3 If e > is sufficiently small, then there exists a splitting of B 2n (\ip) ; e) 
in an arbitrary context (3 € C. 

Proof . A split {-Df} of _B 2n (|<^);e) is obtained by the following procedure. Let 
R-t Q (|v3))(^) be a rotation around the direction L a (\(p)) with an angle 6 (0 < 
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9 < 2ir) in fl such that R^d^^ (2tt) = the identity mapping. Put gg := L a x o 

Let Bo be a subset of B 2n (\(p); e) such that 

9e(B )ng e ,(B ) = if 9^e',0< 9,9' < 2n, 
5 2n (|^);e) = U^( fi o) : < 9 < 2tt} . 

Let O (= 0) < #i < . . . < #„(= 27r) be an increasing sequence of angles around 
the direction i^d^)) such that the volume of {gg(Bo) : 9^i < 9 < 9i] is pro- 
portional to |(A|</?)| 2 (i = 1,2,..., n). Put D\ := {gg(B ) : 0;_i < 9 < 9,} 
(i = 1,2,..., n). For sufficient small e, B 2n (\0i);e\(/3i\(p)\^ n )s are pairwise dis- 
joint. Then we can define a one-to-one mapping C^' 6 of B 2n (\ip); e) into TL by 

defining an action of C^' e on D\ by the successive compositions of a stretching 
Df along gg-direction so as to make it a 2n-dimensional ball, a contraction along 
radial direction of the ball, and a parallel translation mapping the center of the 
ball from \tp) to (i = 1, . . . , n). This completes the proof. □ 

First, we define P^f as the probability distribution characterizing an en- 
semble that is obtained by an action of the splitting C^' € in a (Lemma [3]) on 
the ensemble characterized by fi{\ip);e). Since 

d^);e)((x,y)) = dP^ o^C^o^^y)), V(x,y) G R 2 " = fi = ijTi), 

(49) 

n 

dp ^ >((x ' y)) = i^d^;.)! E^-(i a .),i( a .i,)i^))(( x 'y)) d "^^ ( 5 °) 

holds. 

Suppose that up to fcth context 5_ of the history of context change a 5, 
a splitting C^'. e ^ 5 in a context 5 is defined; P'*^ >(5 is defined from /J.(|y); e) 

through C^'. 6 Now our aim is to define C^' e . .^ 5 ^ 7 in the (fc + l)th context 
7 of the history of context change a /3. 

We denote the split of P 2 ™(|</?); e) with respect to the splitting C ( ^'.';._ >i5 by 
{Df (a 5) : i = 1, 2, ... , These Df(a — ► • • • — * 5)s may be different 

from the _D|s defined in the proof of Lemma [3j but by the assumption they 
satisfies the following: 







■-5)1 


« K«l 2 , 


(51) 


A e («- 


► ►$)ni>j(a->. 




= if ^ J, 


(52) 




1=1 


■•-*) 




(53) 




^. e .^(A e (fi--- 


■-<9) 


A B 2 "(|^); el^l^l 1 /") 


= 0(54) 



1G 



By Lemma [TJ there exist the finest partitions and {Jj} of the index set 
{l,...,n} such that span{|(5i) : i 6 Ik} = span{|7j) : j 6 Jk}- By splitting 
D\(a^ ■ ■ ■ — * 5)s finer if necessary and collecting them, we can define a split 
{Df{a -> > 8 7)} of B 2n (\ip); e) so that 



C 



-+5_ — *7 



U ?5(a-- 

|A f (a->--- 
i^7)nD;(tt 

i=l 



»7) 


A 




7)| 


cx 


i<7^)i 2 , 


+ <D 




if * ^ j, 


♦2) 




s 2 "(M; £ ), 


7)) 


A 


s 2n (hi); e 



5) 



= 0G55) 

(56) 
(57) 

(58) 



hold. We define the splitting 
that satisfies 



\<p);e 



1 1/7 



as an injection of B (\ip);e) into 7i 



5^/3)) = b 2 "(ia); 



(60) 



for i = 1, 



We define P' a 



as the probability distribution characterizing the en- 

the 



semble that is obtained as results of action of the splitting Cq,_> n 

ensemble characterized by n(\<p);e). Since 



d/i(|¥>);e)((x,y)) = dP» 



\<p) 



^((x.y)), V(x,y)eR 2 " = f7 

(61) 



W) 



1 



holds. It suffices to put T„-^ > 7 := i a Cq 

constructions from k = 1 we obtain C„ '' 



+7 " Q 



(62) 

By repeating these 
and T„^ >a. 



Step4 ■ 

For each pair of different contexts 5, 7 € C, as the counterpart of the unitary 
transformation Us~+~f of context change, we define : £1 — > Q by 



T£^ 7 :=i„o J/a_ 



(63) 



First, we define a value assigning map w a (-) in the context a that corre- 
sponds to the orthonormal basis {|cci), . . . , |a n )} m t ne following way. Let O 
be an observable that is stable in a. We denote the eigenvalue of O associated 
with an eigenvector \ai) by Oi. Let {/{, . . . , I' m } be a partition of the index set 
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{1, 2, . . . , n} such that Oj = Oj iff i, j € for some fc. For the sake of conve- 
nience, we write op instead of Oj whose index i belongs to I' k . We define Va 

by 



« a (0)((x,y)) := 



o 7i , if^ 1 (x,y)eU{S 2 "(l/>;e): |||/> || = 1, |/)espan{K): i € , 
*, otherwise, 



(64) 

where * represents a value depending on (x, y) . 

For each context 5 € C, we define ^a->6 for 0<5 by 

«a-«(0)((x,y)) := 6 U^ira^rHi^y))), V(x, y) £R 2 " = !! = t a («). 

(65) 

In more general case, we define value assigning maps successively. Suppose 

that up to fcth context S of the history of context change a —»■■■—> 5, ^ >s_ 

is defined. For the (k + l)th context 7, we define >5_> 7 for 0<i7 by 

%^...^ 2 (0)((x,y)) := Va...^s{Ul_ rL 6 [/^(^"^(x, y))), V(x,y) eR 2 " = !! = 

(66) 

By definition, these value assigning maps admit context changing maps. 
Proposition 12 Lef U be a unitary transformation ofTL. 

UB 2n (\v);r)=B 2n (U\<p);r), (67) 

w/iere |<^) £ f{, r > 0. 
Proof . 

UB 2n {\y);r) 
= U{\f)eH: || |/>-|v>> || <r} 
= {U\f)EH: || |/>-|v> || <r} 
= {\g)eU: \\tf\g)-\v)\\<r} 
= {\g)eU: || \g)-U\ip) \\<r} 
= B* n {U\y);r). 



Proposition 13 The value assigning maps 1( 3(())oTq_^ >ps defined in 

the above satisfy gFUNC. 

Proof . Let A and B be observables such that there exists a function / : R. — > R 
which satisfies A = f(B). Suppose that B is stable in a context [3 £ C. For 
a history of context changes Q^>£,^>---^(^>(3, there exist unitary 
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transformations U a ^, . . . , Uq—^p of context changes corresponding to each step. 
It is easy to see that 

ul^ i ---Ul_^pBU^0---U^ i =:d < a, 
Ul^---UI^ E AU^---U^=:Q < a, 

and 

Q:=f(6). 

Let (x,y) be an arbitrary point in B(e) — L a (B 2n (\ip); e)). There exists 
i e {l,...,n} such that T^...^((x,y)) e La{B 2n (\l3 l )\t\(j3 l \>p)\ 1/n )) in the 
notation in the step 3. Put |/) := t^ 1 ((x,y)). Let ai and hi be eigenvalues of 
A and B associated with the eigenvector \(3i), respectively. Then 

v^...^ E (A) a T^...^((x,y)) = v^...^p(A) o t „ o C^. , ;.^ £ (|/» = Oj. 

In the same way, 

%-»••• ° Tq^...^((x, y)) = hi. 

Now our task is to show otj = /(bj). 

By the definition of Uq_, v p and (j3"12|) , 

«i = Va-+...^p(A) oTa— £((x,y)) 

= ■ ■ ■ Ul^pAU^p ■ ■ ■ Ua-^i) o Ta-^^ 1 o ■ • ■ o r^g^ 1 o T 2r ->..._>/j((x, y)) 

= « a (Q) o ^(tft^ . . . U^ C^t^(\f))). 



By Corollary [5] and PropositionfT^l there exists a permutation p' of the index 
set {1, . . . , n} such that U^ g ■ ■ ■ C/^C^.^d/)) belongs to B 2n (\a p , {l) ); e\ (ft^) I 1 /"). 

Hence a, is an eigenvalue of Q associated with an eigenvector |ay(j)). Since 
Q = f{0), \a p iu-\) is an eigenvector of O with an eigenvalue Oi such that 
a « = f(°i)- By definition of u a , the assigned value of O is o$. Therefore 

a, = %(/(0))°^(^ i --^ £ 41 ; !_ £ (|/))) 

= / o « a (6) o y t/t^ . . . ul^c^l^(\f))) 

= f° Va(0) o Ta^ 1 o • ■ ■ o T^ f £ X O Tq^...^£((x, y)) 

= / ° v^...^ l (U i ^ l ■ ■ ■ U^OUl^ ■ ■ ■ Ul+g) o T«_..^((x, y)) 
= / o %^...^(B) o T s ^...^((x, y)) 
= f{h). 
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□ 



Step5. 



Proposition 14 Let B be the Borel a -algebra of CI. (Cl,B, P^_^.._ i g) is a prob- 
ability space that reproduce quantum-mechanical statistical results, i.e., for an 
observable B <(3, 

I dP^l^ v^...^(B) = (<p\B\<p). (68) 
Jn - - 

Proof . For the history of context change a^j^---^S_^(3, there exists 
a sequence of unitary transformations of context changes , ■ ■ ■ , Us—>p such 

that f/^_, • ■ ■ Ug^gBUs-^/3 ■ ■ ■ Ua-^-y =■ O is stable in the context a. Since 
B = Y^i=i bi\Pi)(f3i\, by using Corollary^ we obtain 

6 = U^ 2 ■ ■ • B Us-^p ■ ■ ■ Ua-^r 

n 



= ^2 b i\ a p{i))(Up(i)\> 
i=l 

where p represents the permutation of the index set given by Corollary [2] 
By the definition of v a —> ^(B), 

V B -^...^p{B) = Va{6) o Ta^^ 1 o • • • o 73_»£ _1 . (69) 

Using Corollary [2] again and (|69|) . we have 

% _._ £ (j3)(^(|&))) = Va(6)^a(U^ 1 ---Ul^ i ))) 
= VaiO) (ia(|a p (<)») 

= 6i. 

Therefore by flB2} 

If - 

= \B 2n (\tp);e)\ J a ^ xdny ^ X ^( B2n (\^\Wv)\ 1/n )) w a— 

* |B 2 "(l^);e)l 
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5>KAI<p>I 



(<p\B\<p). 



Step 6. 

Finally, we show that n-TRNS is satisfied. 

Proposition 15 For the history of context change a — > • ■ ■ —* 5 — > (3, let O be 

a degenerate observable that is stable in both 5 and (3. Then 

(70) 

forV\f) efi 2 »(|^); f ). 

Proof . We use the same notations in the step 3. If |/) G D%(a —>■•■—► 5) c 
B 2,i (|^);e), then 

C^. e .^(|/))eB 2 "(|5 i );e|<5^)| 1 /n). 

By the definition of the value assigning map >( s, t> Q ^ ks(O) assumes an 

eigenvalue of O, say Ofe , i.e., 

Let {Ik} and {</&} be the finest partitions of the index set with respect to the pair 
of contexts 5 and (3 (Lemma [1]). Let Us^p be the unitary transformation of the 
context change from S to j3. There exists k such that i S Ik- For this fc, by ([55]) . 
there exists j G Jk such that |/3j) = Us-^p\Si) and |/) 6 -Dj (a —*•••—»■<[—>• /3) . 
Hence by (|S0|) 

C^.^d/)) e s 2n (|&>;e|<&#>| 1/n ) . 

By Proposition [T2l 

C/L £ C^ ; . e .^(|/)) e B 2 " (|*i);e|</3 J b)r/ n ) ■ 
By Proposition [8j ti £ ^ >s^>p(0) = Va-^ >s(0) ° rs-^p^ 1 , and therefore 

v^...^_{6) (yc^. £ _ £ ^(i/)))) 

□ 

Hence n-TRNS holds. Thus the proof of the theorem is completed. 
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5 Discussion 



Theorem 1 seemes to contradict to the no-go theorem for noncontextual hidden 
variable models pQ by the following consideration. By the no-go theorem, there 
exists a finite set of contexts {a(j) : j = 1, . . . , N} such that it is impossible to 
define a value assigning map v for them, if the dimension of the Hilbert space of 
quantum state vectors is greater than two. For each context a(j), there exists 

nondegenerate observable A(j)<a(j). Let D be an observable that cannot be 
assigned a value. 

Suppose that D is stable in every contexts a(l), . . . , a(N). Then there exists 
a function P such that D = f j {A(j)). By gFUNC, 

f k («q(i)-..— a (fc)(A(A;))) = v a ( 1 )^...^ a (k ) {D) 

for an arbitrary history of context change a(l) —►•■•—> a(k) (k = 1, . . . , N). 
By n-TRN, 

Vg(l){D) = ■■■ = «q(l)->-— >q(fc) (D) = ■■■ = »g(i)- t ...- t a(jv) (D), 

and therefore 

f (Uq(l)--— q(ifc) (^( fe ))) = Vq(l)->-- >q(fc) = «q(l)(-P)- 

If we define a value assgining map v by u(O) = Warn-, >q(fc)(0) if 0<a(fc), 

then i> satisfies FUNC partially, i.e., for f^s (j = 1, . . . , AT), but this contradicts 
the assumption for _D. The root of this contradiction comes from the assumption 
that D<\a(j),yj. Thus there must be a j such that D is not stable in a{j). 
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